Let P be an irreducible polynomial of degree n over
MSC: 11R58 11T06 11T55

Keywords:
Fermat quotients Polynomials Fixed points Image size Multiplicity of values Let P be an irreducible polynomial of degree n over F q . For A ∈ 
(mod P ) and deg q P (A) < n.
We study several properties of polynomial Fermat quotients including the number of fixed points, the image size, and multiplicity of values in the image.
Introduction
We recall that for a prime p and an integer u the Fermat quotient q p (u) is defined as the unique integer with q p (u) ≡ applications have been studied before, see [2, 5, 9, 13, 14] and references therein. In particular, the following results were obtained:
1. The smallest u 1 with q p (u) = 0 is at most (log p) 463 /252+o (1) , see [2] .
2. The number of fixed points 0 u < p with q p (u) = u is O (p 11/12+o(1) ), see [9] . 3. The image size #{q p (u): 0 u < p} is at most p − √ (p − 1)/2, see [5, 14] , and at least (1 + o (1))p/(log p) 2 , see [9] .
4. For any integer a, the number of 0 u < p with q p (u) = a is at most p 1/2+o (1) , see [6] .
5. The number of collisions, that is, 0 u, v, < p with q p (u) = q p (v) , is at most p 5/4+o (1) , see [9] .
Several more results of a similar spirit as well as a scope of other results, including bounds of exponential and multiplicative character sums, are given in [3, 4, 7, 8, [11] [12] [13] .
Here we study analogous problems for polynomial Fermat quotients defined as follows in polynomial rings over finite fields.
Let q = p r be the power of a prime p and let F q denote the finite field of q elements. Fix an irreducible polynomial P ∈ F q [X] of degree n 2 and for A ∈ F q [X] we define
Note that some properties of the closely related quotients
are given by Sauerberg and Shu in [10] . Clearly, we have
In particular, q P and Q P have the same zeros of degree at most n − 1 which are characterised in the proof of [10, Corollary 2.2] . To be precise we note that we consider the functions q P and Q P in F q [X]/P whereas in [10] the quotient Q P is considered in F q [X] . In particular, we are especially interested how q P and Q P act on the set P n,q of polynomials A ∈ F q [X] of degree at most n − 1. In Section 3 we prove that the number of fixed points of q P of degree at most n − 1 is O (q n/2 ) and in Section 4 we show that the image size #{q P (A): A ∈ P n,q } of q P is of order of magnitude q n−1 .
In Section 5 we present some results on the number of polynomials of degree at most n − 1 with the same image #{ A ∈ P n,q : q P (A) = B} and on the number of collisions #{( A, B) ∈ P 2 n,q : q P (A) = q P (B)}.
Since Q P is linear on P n,q the image size of Q P follows immediately from the size of its kernel. The number of nonzero fixed points A ∈ P n,q of Q P (A) equals the number of A ∈ P n,q with q P (A) = 1, see Section 5. Furthermore, the number of collisions of Q P can be estimated via the number # A ∈ P n,q : Q P (A) = 0 = # A ∈ P n,q : q P (A) = 0 , see the discussion in Section 2, and the identity (4) . Hence, we focus on q P .
We note that the methods used in the number case to study q p (a) are usually based on some tools of analytic number theory, which are either unavailable or do not lead to optimal results in the case of polynomial Fermat quotients. So most of our results are based on different arguments.
Preliminary results
In this section we collect some preliminary results which can be partly found in [10] . However, to make this paper more self-contained we add the short proofs. Since X q n − X has no double zeros because of (X q n − X) = −1, it is not divisible by P 2 which is equivalent to
Furthermore, for a ∈ F q and A, B ∈ F q [X], we have
Finally, we have
Indeed, if gcd( A, P ) = P , this is trivial. Otherwise we have
and thus (5) follows. In particular, in sharp contrast to Fermat quotients over the integers, zeros of Fermat quotients over F q [X] can be easily described. We see from (4) that Q P :
This property has been investigated and exploited in [10] . In particular, by [ (1), (2), (3) and (4)) we have that if
is a polynomial of degree at most m < n, then q P (A) = 0, or equivalently Q P (A) = 0, if and only if a i = 0 for every i = 0, . . . ,m with p i. Thus, for any positive integer m < n,
It is also shown in [10, Corollary 2.2] that the image of Q P (A) on polynomials of degree at most m < n forms a linear space over F q of dimension m − m/p (by the rank-nullity theorem).
Note that the number of zeros of q P of degree at most 2n − 1 is 2q n − 1 since we have q n zeros of the form B P , deg B < n, and for any A = 0 of degree at most n − 1 there is a unique B, deg B < n,
by (5) . The number of zeros of degree at most 2n − 1 of Q P is q n by (1).
Number of fixed points
Main result
Let N P (n, q) denote the number of fixed points of q P of degree at most n − 1, that is, the number of A ∈ P n,q with
which is in fact our main tool. Since by definition q P (0) = 0 we always have N P (n, q) 1.
Theorem 1. For any n 2 we have
, n = 2, 3 or n 4 and q ∈ {2, 4}, Theorem 1 follows from the estimates below. More precisely, we use:
• Lemma 2 for n = 2, 3 or n 4 and q = 2 or 4;
• Lemma 3 for n 4 and odd q;
• Lemma 4 for n 4 and even q 8.
In particular, we have N P (n, q) = O (q n/2 ) with an absolute implied constant.
Small values of n or q
We start with a bound that is rather strong if either n or q is small and is in fact best possible for n = 2 (but is rather weak otherwise).
Lemma 2. For any n 2 we have
where c q = 2 if q is odd and c q = 1 if q is even.
Proof. By (4) and since Q P (K ) = 0 for any K in the kernel of Q P we have
There is only one fixed point A = 0 in the kernel of Q P . We show that for a given fixed point A which is not in ker(Q P ) there is no other fixed point of the form a A + K with a a nonzero square over F q and K ∈ ker(Q P ). Assume that A and a A + K are both fixed points, that is, by (7), we have
If q is odd, we obtain K = −aA ± α A, where α is one of the roots of α 2 = a. The right hand side is only in the kernel of Q P if (a, K ) = (1, 0). We have one fixed point A = 0 in the kernel and the remaining q n − q n/p elements which are not in the kernel can be split into disjoint classes of q n/p (q − 1)/2 elements containing at most one fixed point. Hence there are at most
fixed points not in the kernel. For even q we obtain K = (a 2 + a) q/2 A which is only in the kernel if A is in the kernel or (a, K ) = (1, 0). 2
Large values of n in odd characteristic
Now we improve Lemma 2 for n 4 and odd q.
Lemma 3.
If q is odd and any n 2, we have
Proof. We see from (7) that the number of pairs (A, A + B) of fixed points with B = 0 is N P (n, q)(N P (n, q) − 1) which equals the number of solutions of
From (4) and the above congruences, we derive
Hence, for a given B the A is unique and we obtain
which implies the result. 2
Large values of n in even characteristic
Finally we consider the case of even q 4.
Lemma 4.
For even q > 2 and any n 2, we have 
we derive
and since the A i are linearly independent we have a i ∈ {0, 1}, i = 1, . . . ,k. Hence, the number of such fixed points is 2 k 2 n . 2
Comments
For q ≡ 3 (mod 4) we choose the irreducible polynomial P = X 2 + 1. (Note that the zeros of P in F 2 q are primitive fourth roots of unity and are not in F q since 4 does not divide the group order q − 1 of F * q .) We have
We see from (4) and (7) that a X + b with a, b ∈ F q is a fixed point if and only if
We also have
Comparing coefficients we derive a = ±b and 2ab = 2 −1 a. Hence there are exactly 3 fixed points a X + b with a = b = 0 or b = ±a = 4 −1 . Hence, for n = 2 the bound of Theorem 1 N P (2, q) 3 is tight.
We now show that N P (2, q) = 1 infinitely often. Now, for q ≡ 2 (mod 3) we choose the irreducible polynomial P = X 2 + X + 1. (Note that the zeros of P are primitive 3rd roots of unity but 3 does not divide q − 1.) We derive
Again we see from (4) and (7) that a X + b with a, b ∈ F q is a fixed point if and only if
Comparing coefficients we derive
For even q we obtain a = b = 0 and have only one fixed point. If q is odd and a = 0, we obtain 6b = 3a + 2 and (6b)
and thus 3 has to be a square in F q and thus in F p since q = p r with a prime p ≡ 5 (mod 6) and an odd r, which is by the quadratic reciprocity law equivalent to p ≡ 11 (mod 12). Hence we have only one fixed point 0 if p ≡ 5 (mod 12) and three if p ≡ 11 (mod 12) .
Thus for any q ≡ 5 (mod 12) we have N P (2, q) = 1 and for any q ≡ 11 (mod 12) we have N P (2, q) = 3 for the above choice of P .
Image size
Main result
We denote by M P (n, q) the image size of q P :
Note that all polynomials of degree at most n − 1 can be represented as q P (A) with a polynomial of degree at most 2n − 1 by (5). We prove the following lower bounds on M P (n, q).
Theorem 5.
We have M P (2, q) = q + 1 and
, n 4,
Theorem 5 follows from the estimates below. More precisely, we use:
• Lemma 6 for n = 2, 3 (note that for n = 2 the upper and lower bounds coincide);
• Lemmas 6 and 7 for n 4.
Explicit upper and lower bounds
We now prove a lower bound M P (n, q) and also an upper bound which is quite precise for small values of n.
Lemma 6. For any n 2 we have
Proof. For any C the mapping ϕ C (A) = Q P (A) − AC is an F q -linear mapping by (4).
By (6) the dimension of the kernel of Q P is n/p and thus the dimension of the image of Q P is n − n/p . We fix any A which is not in the kernel of Q P with Q P (A) = C = 0 and derive Q P (A + K ) = C = 0 for any K in the kernel of Q P . Since
Moreover, the kernel of ϕ C is nontrivial if and only if C is in the value set of q P and then for C = 0 we have at least q − 1 nonzero kernel elements since it is a linear space over F q . Hence, we have at
As we have mentioned, Lemma 6 instantly gives the precise value of M P (2, q). Furthermore, for p = 2 it also implies M P (3, q) 
For the proof we distinguish two cases. First we assume that for any C = 0 the kernel of ϕ C has dimension at most one. In this case the upper bound of Lemma 6 gives the exact value M P (3, q) = q 2 + q + 1. Now we assume that there is a C = 0 such that the dimension of the kernel of ϕ C is two (three is not possible) and fix B with ϕ P (B) = 0. Verify that for any of the q 2 elements of A with ϕ C (A) = 0 we get a different value q P (A + B) and thus M P (3, q) q 2 .
Asymptotic lower bound
We now use the idea of the proof of [9, Theorem 13 ] to obtain an asymptotic lower bound.
Lemma 7. For any n 3 we have
Proof. Let I( A) be the number of monic irreducible polynomials L over F q of degree n − 1 with
where I q (k) is the set of monic irreducible polynomials of degree k over F q . We recall that for any
where the implied constant is absolute (see, for example, [1, Theorem 6.5.1]). Moreover,
where
By (5), for each A = 0 of degree at most n − 1 there exists exactly one B of degree at most n − 1 such that q P (A + B P ) = 0 and we have q n − 1 different W of degree at most 2n − 1 with gcd(W , P ) = 1 and q P (W ) = 0. Hence #R(n, q) T (n, q),
We remark that if W satisfies (10), we cannot have aW U ≡ V (mod P 2 ) for any a = 1 and U , V ∈ I q (n − 1) since otherwise we infer U R ≡ aL V (mod P 2 ) and thus U R = aL V . However the left hand side is monic while the right hand side is not. Since q P (aW ) = q P (W ) we have to consider at most (q n − 1)/(q − 1) different W with q P (W ) = 0. We note that for W ≡ 1 (mod P 2 ) there are exactly
2 satisfying (10). Indeed, if there are two solutions
On the other hand, using the Cauchy-Schwarz inequality, we derive from (8) and (9),
Thus, using (11), we derive
which completes the proof. 2
Repeated values
For a polynomial B ∈ F q [X] of degree at most n − 1 let R n,q,P (B) be the number of solutions of
We also note that R n,q,P (1) is the number of fixed points of the map A → Q P (A), A ∈ P n,q . If p is the characteristic of F q , we see that R n,q,P (0) is the size of the kernel of Q P (A) and thus 
Let us denote by W n,q,P the number of collisions of the map q P (A) with deg A < n, that is, W n,q,P = # (A, B) ∈ P 2 n,q : q P (A) = q P (B) . It is easy to see that a similar argument as in [6] can be also used to estimate R n,q,P (B) for B = 0 and p > 2. Indeed, it follows from (3) that for any two nonzero polynomials A 1 , A 2 ∈ P n,q with q P (A 1 ) ≡ q P (A 2 ) ≡ B (mod P ) we obtain a solution C = A 1 A 2 to the congruence (12) .
